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Abstract 

A gauge theory is associated witti a principal bundle endowed with a 
connection permitting to define horizontal lifts of paths. The horizontal 
lifts of surfaces cannot be defined into a principal bundle structure. An 
higher gauge theory is an attempt to generalize the bundle structure in or- 
der to describe horizontal lifts of surfaces. A such attempt is particularly 
difficult for the non-abelian case. Some structures have been proposed to 
realize this goal (twisted bundle, gerbes with connection, bundle gerbe, 
2-bundle) . Each of them uses a category in place of the total space man- 
ifold of the usual principal bundle structure. Some of them replace also 
the structure group by a category (more precisely a Lie crossed module 
viewed as a category). But the base space remains still a simple mani- 
fold (possibly viewed as a trivial category with only identity arrows) . We 
propose a new principal categorical bundle structure, with a Lie crossed 
module as structure groupoid, but with a base space belonging to a big- 
ger class of categories (which includes non-trivial categories), that we call 
affine 2-spaces. We study the geometric structure of the categorical bun- 
dles built on these categories (which is a more complicated structure than 
the 2-bundles) and the connective structures on these bundles. Finally we 
treat an example interesting for quantum dynamics which is associated 
with the Bloch wave operator theory. 
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1 Introduction 

The geometry of principal bundles plays an important role in theoretical 
physics. It is the natural framework to model the fundamental interactions 
between point particles in classical field theory, and is the startpoint for the 
quantum field theory [T]. Moreover in nonrelativistic quantum physics, the 
geometric (Berry) phase phenomenon [2] is closely related to this geometry. 
A principal bundle naturally arises to treat cyclic quantum dynamics ^ 
or adiabatic quantum dynamics driven by classical parameters [4l [5l [6l [7] . 
These physical problems are associated with the holonomies or the horizon- 
tal lifts of paths drawn on the base manifold of the principal bundle. 
The horizontal lifts of surfaces cannot be defined within the framework of 
principal bundles. The interest for the horizontal lifts of surfaces arises from 
the development of the string and brane theories, in which the string and 
brane gauge theory is associated with holonomies of surfaces [H [9l 1101 El 
I12| . Recently, we have shown that the geometric phases associated with 
quantum systems submitted to some decoherence processes take place in 
higher gauge theories \13\ 1141 115j . 

Geometric realizations of abelian higher gauge theories are well understood, 
as gerbes with connection [16], bundle gerbes |17] or twisted bundles |18j . 
For the non-abelian higher gauge theories, some generalizations of these geo- 
metric realizations have been proposed: non-abelian gerbes with connection 
\19\ 120] . non-abelian bundle gerbes |22t I21j and non-abelian twisted bun- 
dles [22j . We can also cite the higher gauge structure arising in the study of 
the principal composite bundles ^23j. In these approaches, the total space 
of the geometric structure is not a smooth manifold as in the usual gauge 
theory but a category. For some of these approaches, the structure group 
is also replaced by a structure which can be viewed as a category (as for 
example an extension of Lie groups) . Another interesting approach of non- 
abelian higher gauge theories has been proposed by Baez et al and Wockel: 
the 2-bundles [241 1251 1261 I27j . In this approach, the structure group is 
replaced by a Lie crossed module. The different approaches seem to be 
equivalent [28j. The strategy followed by Baez et al to define the 2-bundles 
is very interesting since it is based on the idea consisting to substitute at 
each smooth manifold a geometric category called a 2-space. Unfortunately 
this goal seems unachieved since in the 2-bundle theory the base space is 
restricted to the trivial 2-spaces (a trivial 2-space is an usual manifold M 
viewed as a category A4 with Obj(A^) = M and Morph(Al) = {id^lzeA/)- 
The reason of this restriction is the difficulty to define a "2-cover" of a 2- 
space. Indeed the definition of the union of two open sub-2-spaces is not 
clear since it needs to know how to compose an arrow in one 2-space with 
an arrow in another one. The trivial 2-spaces are very poor categories since 
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they have only identity arrows. 

In this paper, inspirated by the 2-bundle theory, we propose a new theory 
of categorical bundles with a bigger class of 2-spaces that we call the affine 
2-spaces. It includes the trivial 2-spaces but also categories with non-trivial 
arrows. Moreover the union of two affine open sub-2-spaces is clearly de- 
fined. The affine 2-spaces are introduced in the next section. Section 3 
introduces the 2-bundles over affine 2-spaces and explores their algebraic 
and geometric properties. In particular we show that the structure is more 
rich than the usual 2-bundle theory, since a new kind of 1-transition func- 
tions appears. 2-bundles over affine 2-spaces are endowed with connective 
structures in section 4, and the horizontal lifts are considered in section 5. 
Finally section 6 presents a simple physical example based on the use of the 
Bloch wave operators and their generalizations in quantum dynamics. 

A note about the notations used here: let A he a category, Obj(^) denotes 
its set of objects, Morph(A) denotes its set of arrows (so called morphisms), 
s : Morph(^) Obj(A) denotes its source map, t : Morph(A) Obj(^) 
denotes its target map, o : Morph(A) Xs=f Morph(^) Morph(A) de- 
notes the composition of the arrows and id : Obj(A) — ^ Morph(^) denotes 
its identity map. Let G be a Lie group, cq denotes its neutral element, 
Aut(G) denotes its automorphisms group and Der(fl) denotes the algebra of 
the derivations of its Lie algebra Q. Let M be a differential manifold, Gj^ 
denotes the set of C°° functions from M to G, TM denotes the tangent 
space of M and ft"{M,X) denotes the set of X valued differential n-forms 
of M . Let P he a principal bundle over M , HP denotes the horizontal tan- 
gent space of P, VP denotes the vertical tangent space of P and r(M, P) 
denotes the set of the sections from M to P. 

2 Affine 2-spaces 

Definition 1 (2-space). A smooth 2-space is a category M such that Oh]{M.) 
and Morph(A^) are smooth manifolds, and such that s,t : Morph(yVl) 
Obj(7W), id : Obj(7W) Morph(7W) and o : Morph(7W)s Xj Morph(Al) 
Morph(AI) are smooth maps. 

Definition 2 (Affine space). An affine space is defined by three kinds of 
data (M, E, (p) where M is a manifold, E is a vector space and (p : — >■ E 
is an application such that 

i. \fx G M, (p{x,x) = if. 
a. Vx, y,z e M, ip{x, y) -h ip{y, z) = ip{x, z). 
Hi. Vx G M,Vtf G E, 3!y G M such that ip{x,y) = it 
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An affine space is generally the consideration of a flat manifold where we 
indentify each of their tangent spaces with the set of bipoints. We want to 
extend this notion to more general situations. 

Definition 3 (Affine 2-space). We call affine 2-space the three kinds of 
data {Ai,TZ,if) where the category M is a 2-space, TZ is a reflexive and 
symetric relation on Obj(Al) (if xTZy we say that x and y are linkable) and 
if : UneN* Obj(Al)y^ — )■ Morph(Al) is a surjective map where 

Obj(M);^ = {{xn,...,xi) e Ohi{Mr\yi < n,Xi+inxi} 

An affine 2-space is such that 

0. y{y, x) e Ohi{M)J^, s{(p{y, x)) = x and t{(p{y, x)) = y. 

1. Vx G Obj(A^), ip{x) = idx andy{..., x, x, ...) G Ohj{M.)^-j^, (p{---, x, x, ...) = 
ip{...,x, ...). 

it. V(y, ...,x)e Obj(A4)7^, V(z, y) G Ohj{M f^^, ip{z, y)o^{y, x) = 
ip{z,...,y,...,x). 

Hi. \/x G Obj(7W), V/ G Morph(>t) with s{f) = x, 3n G N*, 3{z,...,x) G 
Obj(A^)"^ such that ip{z,...,x) = f. Moreover, if uq = min{n G 
N*|3(2:, x) G Obj(Al)"^ such that ip(z,...,x) = /} then there exists 
only one {z,...,x) G Obj(A4)y^ such that (p{z,...,x) = f. 

The assumptions i., ii. and iii. are weaker versions of the corresponding 
assumptions in the definition of an affine space. If Va;,y G Ohj{M) we have 
xTZy we say that M is totally linkable. 
There are three important kinds of affine 2-spaces. 

Definition 4 (Euclidean affine 2-space). An affine 2-space is said euclidean 
if TZ is transitive (TZ is then an equivalence relation) and if 

V(j/, ...x) G Ohi{M)lTi, (p{y, x) = (p{y, x) 

In the euclidean affine 2-space, the Chasles relation takes the same form 
than in the affine spaces 

(1) y{x,y,z) € Ohi{Mf/T^, ip{z,y) o ip{y,x) = ip{z,x) 

Moreover there is a bijcction between Morph(A^) and Obj(A^)^^. 

Definition 5 (Spherical affine 2-space). An affine 2-space is said spherical 
if xTZy =^ X = y. 

In a spherical affine 2-spacc the set of the arrows is reduced to Morph(A^) = 
{idx,x G Obj(AI)} (a spherical affine 2-space is generally called a trivial 2- 
space) . 
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Definition 6 (Hyperbolic affine 2-spacc). An affine 2- space is said hyper- 
bolicifyn G N*, Obj(>[);^ ^ and\f{yi,...,xi),{y2,...,X2) G UnObj(>I);^ 
ip{yi, xi) = (p{y2, X2) =^ {yi, xi) (2/2, X2) where signifies that 
the two sequences are equal modulo consecutive repetitions ({...,x,x, ...) ~ 

...);. 

For a hyperbolic affine 2-space, there is a bijection between the set of 
the arrows and the set of the sorted collections of linkable objects without 
consecutive repetitions. We restrict our attention on these three cases. 
We note that an affine space (M, E, ip) can be viewed as a totally linkable 
euchdean affine 2-space M with Obj(7W) = M and Morph(7W) = M x E 
with s(x,lt) = X, t{x,lt) = y such that ip{x,y) = it, idx = (x, ) and 
{(p{x, ~u),lf) o (x, it) = {x,lt + lt). 

The justification of the adjectives euclidean, spherical and hyperbolic is the 
following. Let Obj(AI) be M^, the sphere S'^ or the Poincare hyperbolic 
plane. Let (D) be a geodesic of Obj(7W) and TZ be such that xTZy if and 
only if the geodesic joining x and y is parallel and not confused to {D). Let 
Morph(A^) be the set of the oriented piecewise geodesic paths with edges 
parallel and not confused to (D). The affine 2-space M is then: 

• euclidean if Oh}{Ai) is the plane (since it exists only one geodesic 
parallel to {D) and passing through a point x ^ (D)); 

• spherical if Obj(7W) is the sphere (since it does not exit a geodesic 
parallel to {D) and passing through a point x ^ (D)); 

• hyperbolic if Obj(Al) is the Poincare plane (since it exists an infinity 
of geodesies parallel to (D) and passing through a point x ^ (D)). 

Property 1. An arrow f G Morph(7W) of an affine 2-space has ip{s{f),t{f)) 
as inverse if M. is euclidean, whereas if M. is hyperbolic then f is not in- 
vertible exept if it is an identity arrow. 

Proof. By definition for an euclidean affine 2-space, we have / = ip{t{f), s{f)) 
and then / o ip{s{f),t{f)) = ^{t{f), s{f)) o ^{s{f),t{f)) = ^{t{f),t{f)) = 
idi(^) and <pis{f),tif))of = cp{s{f),t{f))ocp{t{f),s{f)) = <pisif),sif)) = 
id,(/). 

For a hyperbolic affine 2-space, let / be an invertible arrow and / ^ be its in- 
verse. There exists (y, a, h, x), (x, c, d, y) such that ^p{y, a, b,x) = f 
and (p{x, c, .... d, y) = f^^. We have then (p{y, a, b, x) o tp{x, c, d, y) = 
ip{y,a,...,b,x,c,...,d,y) = if{y). We have then {y,a, ...,b,x,c, ...,d,y) ~ y 
and then y = x = a = ... = b = c = ... = d. □ 

In order to enlighten the notation, the arrow (p(y,...,x) € Morph(A4) of 
an affine 2-space will be denoted by jj...x. We write then id^; = ^ and 
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i.-.y o jj...x = k...y...x. 

Let M be an affine 2-space, the category lA such that Obj(W) is an open 



submanifold of Obj(A^) and Morph(W) = 99 (^UneN* Obj(W)"^j is called an 
open affine sub- 2-space. By contrast with the generic 2-spaces, it is possible 
to define easily the union and the intersection of two open affine sub-2- 
spaces. Let hO- and two open affine sub- 2-spaces M.. if- fMP and 
U hp' are the open affine sub- 2-spaces defined by 

Obj(W^nZ^2) ^ Obj(W^)nObj(W^) Oh]{U^UU^) = 0bj(W^)U0bj(w2) 
Morph(i^i n W^) = ( y (Obj(W^) n Obj(i^2))n^ j 

VneN* / 

Morph(W^ U W^) = f y (Obj(W^) U ObjCW^))^^ j 

VneN* / 

We can note that Morph(Zii) U Morph(^/2) c Morph(^i UZ^^). The com- 
position of arrows belonging to two open affine sub-2-spaces is defined as 
follows: 

Let / G Morph(Wi) and g G Morph(W2) with s{g) = t{f) = y G Obj(Z^^) n 
Obj(W^), go f = (p{z, y, ...x) where (y, x) and (z, y) are the smaller 
collections of objets of and such that (^(y, x) = f and (/^(z, y) = 
g. We can then define a good open 2-cover of an affine 2-space M. as 
being a set of open affine sub-2-spaces such that {Obj(ZY*)}i is a 

good open cover of Obj(AI) (a set of contractible open sets such that 
Ui Obj(^') = Ohi{M)). An element W will be called a 2-chart. 
In order to enlighten the notation we will simply denote by M = Obj(A^) 
the manifold of objets of an affine 2-space, and by {U^}i its good open cover. 



3 Categorical principal bundles over affine 2-spaces 

Definition 7 (Lie crossed module). A Lie crossed module Q is the four 
kinds of data [G, H, t, a) where G and H are Lie groups, t : H ^ G and 
a : G —> AutH are homomorphisms such that t is equivariant: 

^geGyheH t{ag{h)) = gt{h)g-^ 

and satisfies the Peiffer identity : 

yh,h'eH at^h)ih') = hh'h-^ 

Proposition 1 (A Lie crossed module as a category). A Lie crossed module 
is equivalent to a groupoid with Obj(^) = G and Morph(^) = iJ x G where 
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the semidirect product (called horizontal composition of arrows) is defined 
by 

{h,g){h',g') = {hag{h'),gg') 

the identity, source and target maps are defined by 

idg = {eH,g) s{h, g) = g t{h, g) = t{h)g 

and the usual arrows composition (called vertical composition of arrows) is 
defined by 

{h',t{h)g)o{h,g) = {h'h,g) 

The Lie crossed modules are the categorical versions of the Lie groups. 

Definition 8 (Principal 2-bundle over an affine 2-space). Let A4 be an 
affine 2-space endowed with a 2-cover and Q be a Lie crossed module. 

A principal 2-bundle over M with structure groupoid Q consists to a category 
V and a full functor tt G Punct(7-', M) surjective on the objects such that: 

• \/i, the categories 14^ x G and 7t~^{W) are naturally equivalent. We 
denote by (j)^ : W x Q ^ tt^^{W) the equivalence (called local triviali- 
sation) and by (j)^ : 7r^^(Z//') W x Q its weak inverse. 

• The functors Pri ^* and ir restricted on 7r~^(Z//*) are equals. 

• The fibration is compatible with the transitive right action of G on 
itself, i.e. Vx G U\ yg,g' G G 

(2) 4>'<l>\x,g)g' = 4>'4>\x,gg') 

where {x,g)g' = {x,gg'). 



Wc denote by : Obj(^* x Q) —> Morph(Z//* x Q) the natural equivalence 
between id^i^g ^'^d and by : Obj(7r^-'^(Z//*)) Morph(7r^^(Z^*)) the 
natural equivalence between id^-i(2^i) and 

(3) y{x,g)eU'xG, s{4g) = {x,g) i«^) = ^V(x,5) 
G Morph(7W),V/i eH,yge G, 

(4) o h, g) = 4>"4>\^^, h, g) o 4^ 

(5) VpGObj(P), s(4)=f t(4) = <^V(p) 

(6) V/ G Morph(P), ^j(^) o / = <t>'4>\f) o R\f) 

Property 2. There exists fc* G Hin such that : 
y{x,g) eW xG 

(7) ^Y{x,g) = {x,t{k'\x))g) 
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G Morph(M),V(/i,5) £H >iG 

(8) ^'cP\t^,h,g) = {t-c,k\y)hk\xr\t{k\x))g) 

(9) t{Ri) = cl>\x,t{k\x))gp) 
with p = (j)^(x,gp). 

Proof. Since s{K].g) = {x,g), 3kl.g G H and xi, x) such that = 

(i„...x, kl.g,g). Since t{K\.g) = (j)^ (p''- {x , g) , we have x„ = x and t{kl.g)g = gl 
with (j)^ (j)^ (x , g) = {x,gl.). Let = fe^ec' definition of a 2-bundle 

we have (l)'^(j)'^{x, g) = (j)^(l)'^{x,ea)g =^ {x,t{kl.g)g) = {x,t{k'^{x))g) and then 
\/g S G, kl.g = k'^{x) (modulo an ignored element of ker(i) without relevant 
role because it is killed by the target map). We have then g]. = t{k^{x))g. 
This proves the first equality. 

If A4 is euclidean, then !t...x = IjT. If 7W is spherical, ^ is the only one 
arrow with source equal to x (and with target equal to x). We suppose 
now that A4 is hyperbolic, is a natural equivalence, then must be 
invertible. must be then invertible, now the only invertible arrows of 

a hyperbolic affine 2-space are the identities, then = 1F also if A4 is 
hyperbolic. 

Let h € H and jj...x € Morph(^/*). Let hy ^ e H he such that 0*(/)*(|/...x, /i, 5) 
{jj.-.x, hy ^, g].). From equation we have 

(10) (V, ^'{v)Ah)9) o (^, /i, 5) = (1^, K„,,gi) o (1i^, A:*(x), 5) 
and then 

(11) {tj~^,k\y)h,g) = {tr^,h^y^,,k'{x),g) 

We conclude that Ky ^ = k^{y)hk'^{x)~^ . This proves the second equality. 
By definition t{Rp) = (j)'^<j)^{p) = 0*0*0* (x, ^p). The third equality comes 
from (i)'(f)'{x,gp) = {x,t{k'{x))gp). □ 

The natural equivalence is then = (^,¥{x),g). 

Proposition 2 (Right actions on a principal 2-bundle). There is two right 
actions R,R: H y\G ^ Funct('P, V) of the Lie crossed module on a principal 
2-bundle defined by: 
\/p € Obj('P) with p = 0*(x,(7p) 

(12) R{h,g)p = <l)\x,gpg) 
V/ e Morph(7^) with f = 0*(^7:x, /i/, 5/) 

(13) R{h,g)f = (t)\^...x,hfagf{h),gfg) 
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Vp G Obj(P) with 4>\p) = {x,gp) 

(14) 4>'R{h,g)p = {x,gpg) 
V/ G Morph(P) wzth 4>'{f) = {^,hf,gf) 

(15) <j)'R{h, g)f = (^Zx, /i/a^^, {h),gfg) 

Equivalently, R and R are defined by the following commutative diagrams: 

u'xg TT-^w) u'xg Tr-\w) 



ih,9) 



R(h,g) 



■ih,g) 



R{h,g) 



G <- 



Property 3. \/{h,g) G H yiG, R{ag-i{h'^^), g~^)R{h, g) is naturally equiv- 
alent to id-p. Let p{h,g) : Obj(P) Morph('P) be the associated natural 
equivalence. Vp G Obj(P), s{pp{h,g)) = p and 4>^t{pp{h, g)) = {x,t{k'^{x))gp) 

with p = (t>'^{x,gp). 

\/{h,g) ^ HxG, R{h, g)R{ag-i{h~^), g~^) is naturally equivalent to id-p. Let 
p{h,g) : Obj(7-') Morph(7^) be the associated natural equivalence. Vp G 
Obj(P), s{pp{h,g)) = (f)'{x,t{k'{x))gp) with(p'{p) = {x,gp) and t{pp{h, g)) = 
P- 



Proof. The natural equivalences follow from the following diagram: 

•(ag_i(/i-i),9-i) U \h,g) R{h,g) R{c^_i{h-^),g-^) 

(pi 

where each double arrow is naturally equivalent to an identity. 
By definition, 

i{pp{h,g)) = R{ag-i{h~'^),g'^)R{h,g)p = R{ag-iih~^), g"^)(l)\x, gpg) 

withp_= (j)'{x,gp). We have then 4>H{pp{h,g))_= fR{ag-i{h~^), g~^)f{x, gpg). 
Since 4>'(f>'{x,gpg) = {x, t{k'{x))gpg) wehave (l)H{pp{h, g)) = {x,t{k'{x))gpgg-^). 
By definition, s{pp{h,g)) = R{h, g)R{ag-i{h~^), g~'^)p. Since 

^'R{ag-i{h-^),g~^)p= {x,gpg-^) 

with 4>^(j)) = {x,gp), we have 

</.V*i?(a,-i(/i-i),ff-i)p = i(K;.(,,^^,-i)) = cP\x,tik\x)rgpg-') 
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By definition of i?, we have i?(^,g')i?(ag-i(/i ^),g = (f)^{x,t{k^{x))gpg ^g). 

□ 

Definition 9 (G-transition functions). We define the G -transition functions 
of a principal 2-bundle as being g^^ € Gjjtf-^uj such that & WCiU^ , "^g & G 

(16) 4>'^ix,g) = ix,g'H^)9) 
Property 4. The G-transition functions satisfy 

(17) /(x) = t{k\x)) g^\x) = t{y{x))g'^{x)-H{k\x)) 

Proof. {x,g^^{x)) = ^VH^i^c) = {x,t{k^{x))). 

4>'ctP^<j)\x,eG) = f(t>i{x,g^\x)) = {x, g'^ {x)g^\x)) 
But we have also 

<^V'^<^'(a:,eG) = <^'i(4) 
with p = (f)^{x, ea)- Moreover t{Kp) = (t>'{x, t{y{x))gp) with p = (fP{x, g^). 
(t)\x,eG) = ^{x,gp) => ff{x,eG) = 4>'^{x,gp) 

and then 

{x,t{k\x))) = {x,g'^{x)gp) ^ gp = g'^ {x)-H{k\x)) 

Finally 

(^VV'(/)^(x,eG) = 4)'(t>'{x,t{k^{x))g'\x)-H{k\x))) 
= {x,g'^ix)t{k^ixW\x)-Hik\x))) 

We conclude that g^''{x) = t{y {x))g'^ {x)-^t{k\x)). □ 

Definition 10 (i^-transition functions). We define the H -transition func- 
tions of a principal 2-bundle as being h^^ G H{u*nu^)^ such that V|/...x G 
MoTph{WnW), y{h,g) eHxG 

4>'cf^i^,h,g) = {^,{h'^{y,x),g'^{x)){h,g)) 

(18) = $:::x,h'^{y,x)agij^^){h),g'^{x)g) 

The fact that h^^{jj...x) depends only from the source and the target of 
ij...x (even if the affine 2-space is hyperbolic) is a consequence of the following 
property: 

Property 5. The G-transition functions and the H-transition functions are 
related by Wx, y eU^ n W 

(19) t{h^^iy,xW^ix)=g^^iy) 
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Proof. We have t{(j)'^(p^ {jj...x, efi,eG)) = ({)''■ (y , ec) = {y,g^^{v))- We have 
slsot{4i'(tP{^:::x,eH,eG)) = t$7::x,h'^{y,x),g'^{x)) = {y,tlh'^{y,x))g'^{x)). 

□ 

In fact, we could have h^^ {^Zn---Z\x) = k^^ {y,x)C^ {zn, Zi) with (^^ G 
ker(t). Since presents no relevant information (because it is killed by the 
target map), for the sake of simplicity we consider that = en- For the 
same reason we consider that h''^{x, x) = en, the iJ-transition functions are 
then trivial if the afhne 2-space is spheric. 

Property 6. The H-transition functions satisfy 

(20) h^'(jj,x) = iei:y)k\x)-' 

(21) h^'{y,x) = k^{y)agi,^,y,{W^{y,x)-^k\y)k\x)-')y{x)-^ 
Proof. 

i^,h'\y,x),g'\x)) = f4>\^,eH,eG) = {x,k\y)k\x)-\tik\x))) 
We have 

(^V0-''</''(^, en, ea) = (^, h'\y, x)agij^^){h^\y, x)), g'^ {x)g^\x)) 
Moreover we have 

with / = (/>'(|/...a;,e//,eG), but 

fclyi^{f)=4>\RlofoRf^) 

with p = (f)'^{x, eo) and q = (f)^{y, ea)- 

^\rI o / o 4-I) = ^'cf>i{^,k^{y)hpk^{x)-\t{k^{x))gp) 
with / = (t>'{jj....x, hp,gp). 

0*(|r7x,ei7,eG) = (j)'{t^,hp,gp) =^ 4>^4>\t^,fiH,eG) = 4>^^ {t^,hp,gp) 
and then 

{^,k\y)k\x)-^,t{k\x))) = {tr^,h'^{y,x)agij(^^){hp),g'->{x)gp) 

It follows that hp = agij(^^yi{h^^ {y,x)^^k'^{y)k'^{x)^^). Finally we can iden- 
tify h'^ {y,x)ag^^^){h^'{y,x)) with h'^{y ){k\y)hpy{x)-^): 

h'^{y,x)agij^^){h^\y,x)) 

= ^'■'(y,a;)"g'j(a;)(^-'(y)"5'j(a:)-i(^*^(y>a;)~^^*(y)^*(3^)~"^)fc^(a;)~^) 

□ 
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Property 7. We consider the suh-2-hundle Tr~^{W nW nU'') at the in- 
tersection of three 2-charts. The functors ^^(fp^cf)^ and 0*^*^ (restricted on 
W n W n ) are naturally equivalent. 



Proof. This follows from the following commutative diagram: 



Uijk X g ^ TT-^{Wik) 

where U'^'' = nW nU'' . 



l(]lijk\ 



X g 



□ 



Let h'^^ : Oh]{W n W nU'' x g) ^ Morph(Z^^ n W nU'' x g) be the 
associated natural equivalence: 

(22) s{h%') = ^V<^/(x,5) = ix,g'^{x)g^\x)g) 

(23) t{h%') = 4>'cp\x,g) = {x,g^\x)g) 

(24) ^J/^J,)^ o 4>'4^^4>\^. h, g) = nn^, h, g) o if^^ 
Let h'-^^{x) G if be such that 

(25) Wi^ = CE,h^^\x),g^^{x)g^\x)) 

Since ^(^^4^) = {x,g'^{x)) we have 5^*^(x) = t{h'^^{x))g'^ {x)g^^{x). 



Definition 11 (2-transition functions). We define the 2-transition functions 
of a principal 2-bundle as being h^^^ G ILu^nu^nu'' such thafix G WDU^DU'^ 

(26) t{h'^''{x))g'^{x)g^''{x)=g'''{x) 



The 2-transition functions measure then the obstruction to lift V as an 
usual principal bundle, since they charaterize the failure of the cocycle re- 
lation for the G-transition functions. We can remark that 

(27) h'^\x) = ag.,^,){k^{x)-') 

(28) h''^{x) = k\x)-^ 

(29) 0^{x) = «,.,(,)(A;^(x)-i) 

Property 8. The natural equivalence h^^^ for some g E G is 

(30) h^^ = i^,h'^\x),g'^ix)g^\x)g) 
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Proof. Let h^g e Hhe such that Wg = {^,h^g,g'^{x)g^''{x)g). We have 
then t{l^ig)g^^{x)gi^{x)g = g^^{x)g and g^^{x) = t{W^{x))g^^ {x)gi^{x). □ 

Property 9. The 2-transition functions measure also the failure of the co- 
cycle relation for the H -transition functions in the following sense: 

(31) h^^{y,x)ag^,^,)ih^\y,x)) = W^\y)-^ W\y , x)h'=\x) 

Proof. By using the definition of fiiea and the expressions of 0*0^^^'^(|/TTTx, en, ec) 
and of (j)'''(j)^{jj...x, en, ec), we find 

{t,h''Hy),gHy)9''iy))°i^,h''iy,xhgn-)(^''(y^^))'^ 

= {t-^,h^\y,x),g^\x))o{'x,h^^\x),g^^{x)g^\x)) 
By composing the arrows, we find 

{^,h'^\y)W\y,x)ag.,^,){y\y,x)),g^^{x)g=\x)) 
= {^,h'\y,x)h}^\x),g'^{x)g^\x)) 

□ 

Since h^^^ is a natural equivalence, it has an inverse h^^^~^ such that 
G C/^ n n and G G, }^ig~^ o hS^ = ,eH,g'^{x)g^^{x)g). It is 
clear that liig'^ = ,K-^^{x)~^ ,g'^^{x)g) where h^^^{x)~^ is the inverse of 
in the group law sense. 

Property 10. The 2-transition functions h^^^ can he viewed as the trivial- 
izations of the natural equivalence on W n W n because we have 

(32) CE,W^\x)-\g^\x)) = ^X^;.(,,ec)) 

Proof. By definition of wc have 

<p^4y'(f>''{^t^, en, ec) = '^^k^y^ea) ° ^H, ec) o ^^J.fcJs.eG) 

We have then 

By using the definition of /i'-^*^ we have 

hi%o^\R^,^y^^^^)o^'ct>\^, en, ecWifii'^l^,^)) = 4>'4>^{^, ^h, eG)ohg% 
We can conclude that 

□ 
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Property 11. The 2-transition functions obey to the generalized cocyle re- 
lation: Vx G n nu'^nu^ 

(33) h'^\x)agij^^){h^''\x)) = h'^\x)h'^''{x) 

Proof. This follows from the definition of the 2-transition functions: 

t{h'^\x)){t{ag.,^^,){h^^\x)))gHx)g^\x)g'^\x) = t{W^\x))g'^ {x)t{y^\x))g^\x)g^ 

= t{W^\xW^{x)g^\x)=g^\x) 

and 

t{W''\x))t{h'^\x))g^^{x)g^\x)g^\x) = t{H^^\x))g^^ {x)g^\x) = /(x) 

□ 

4 2-connections 

The definition of a connective structure on a principal 2-bundle over an afHne 

2-space needs to introduce the "Lie algebra like" of a Lie crossed bundle. 
After this, before to consider the generic 2-connections, it is instructive to 
study the case of a trivial 2-bundIe. 

4.1 Differential Lie crossed module 

Definition 12 (Differential Lie crossed module). Let Q = {G,H,t,a) be a, 
Lie crossed module. The differential Lie crossed module associated with Q is 
the four kinds of data (g, f), t^"^, a''"*^) where g and \) are the Lie algebras of 
G and H, and t^^^ : f) — >■ g and a^*^ : g — >■ Der({)) are the maps induced by 
t and a in the Lie algebras, so 

VX G g,Vy G f), t^'^ia^'^Y)) = [X,t^'^{Y)] 

and 

Vy,y'Gl3, a^ll^y^iY') = [Y,Y'] 

The semi-direct product of groups H x G induces a semi-direct sum of 
Lie algebras f) ^ g defined as being f) ® g (the exterior direct sum being 
between the vector spaces without the algebra structures) endowed with the 
Lie braket [., .]s such that 

VX,X'Gg, [X,X% = lX,X%eg 

Vy,y'Gf), [Y,Y']s = [Y,Y\ e h 

yX G g,Vy G 1), [X,Yl = -[Y,Xl = a^'^Y) G () 



DAVID VIENNOT 



15 



To simplify the notation, we denote all the Lie brakets by [., .] without sub- 
sript. 

In the following, we denote by tt^ : f) C — >■ fl the projection induced by the 
canonical projection i) ® Q ^ Q defined by the exterior direct sum of vector 
spaces. 

Moreover, in order to simplify the notations, we will denote the adjoint 

representation of x: G on f] C by 

(34) yh£ H,yg eG,\/X (Et)<E Q, Ad{h, g)X = hgXg'^h'^ 
This notation is in accordance with the scmi-dircct product since 

Ad(/i2,52)Ad(/ii,5i)X = h2g2higiXg^^h^^g2^h2^ 

= {h2g2hig2^)g2giXg^^g2^{g2h^^g2^h2^) 

(35) = Ad{h2ag.^{hi),g2gi)X 

with the following convention Ad{ag{h), g')X = ghg~^ g' X g'~^ gh~^ g~^ . 

4.2 The notion of compatible connections 

Before to examine the possibility to endow a trivial 2-bundle with a connec- 
tive structure, we need a simple lemma. 

Lemma 1. Let P he a principal G-hundle (G is a Lie group) over a manifold 
M with transition functions g^^ . Let f : G ^ K be a group homomorphism. 
The left action of K on itself defines a left action of G on K : f{g)k, 
k € K and g E G. The associated bundle P Xqj K = {[{pg, f{g~^)k), g G 
G]}peP;keK constitutes a principal K -bundle over M with transition func- 
tions f{g^^)- 

Proof. Let {U''}i be a good open cover of M, and (fP : x G ^ P\^^i 
be the local trivializations of P. Let ^ : x K ^ {P Xqj K)\w be 
the local trivializations of P Xqj K: (j>'{x,k) = [{(fP {x , g) , f {g~^)k); g G 
G]. Since 4y>{x,g) = (p^{x, g^^ {x)g) (for .x € [/* fl U^), we have (p^{x,k) = 
[(p^{x, g^^ {x)g), f{g^^)k); g € G]. By the variable change g = g^^ g we have 

4Pix,k) = [{f{x,g)J{g~')f{g'\x))ky,g e G] = 4>'{x, f{g'^)k) 

□ 

We want endow P Xqj K with a connection which would be viewed as 
an image of a connection of P. The action of G on X being not necessary 
faithful, we require only a notion of compatibility between two connections: 
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Definition 13 (Compatible connections). Let HP and H{P >^gj be 
connections (horizontal tangent spaces) of P and P Xgj Let j : P 
P Xgj K he the map defined by Vp G P, j{p) = [{pg, f{g~^)); g G G], i.e. 
j{P) = P Xgj {gk} C P Xgj K. We say that the two connections are 
compatible if j^HpP = Hj(^p^{P xgj K), where is the push-forward of 
j. Let oj G Q}{P,q) and Co G ^"^{P Xqj K,i^) be the associated connection 
1-forms (keruj = HP), we have then fCo = f^'^'ioj) G Q^{P,t) where /""^ 
is Lie algebra homomorphism induced by f and j* is the pull-back of j. 



4.3 2-connection on a trivial 2-bundle 



We consider a principal ^-2-bundle V over an afHne 2-space A4. In this sec- 
tion we suppose that V is trivial, in the sense where its 2-transition functions 
are trivial : h^^^{x) = ch- In that case, the G-transition functions satisfy 
the cocycle relation g"^^ {x)g^^{x) = g'^^{x) (Vx G C/* fl fl U^) and define 
then a principal G-bundle P. We call it the object-bundle. The //-transition 
functions satisfy h'^^y,x)agij(^^^{h^^{y,x)) = W^{y,x) (Vx G C/* n n U^). 
Let q^^{y,x) = {K^^ {y , x) , g'^^ (x)) G H x G f^rjinU'i)^- We see that g*-' satisfy 

the cocycle relation q^^ {y,x)q^^{y,x) = q^^{y,x) (Vx,y G C/* n fl C/'^). q^^ 
can be then viewed as the transition functions of Q a principal H x G-bundle 
over M]^ = [JiiU^ x V^) /-jz C Mj^. We call it the arrow-bundle. We denote 
by TTp and ttq the projections of P and Q. 



X Q V\i(i being a functor, we have by definition 



(36) 



id, 



<t>^{x,g) 



s{(l)'{yx,h,g)) 
[t{^\^,h,g)) 



':x,eH,g) 



We want formulate these relations in the langage of the bundle theory in 

the case where V is trivial. 

M Mj. 

Let A : , , be the diagonal map. Let A*Q = {{x,q) G 

X I y (■^i X ) 

M X Q\A{x) = TTqiq)} be the H x G-bundle over M induced by Q via A. 
By construction the transition functions of A*Q are gj\x) = q^^{A(x)) = 
{eH,g^-^ {x)). Clearly this is the transition functions of the widening of P, 
i.e. P Xg (H X G) (where we have considered G ~ {^h} x G as a subgroup 
of i/ XI G, the isomorphism between G and {en} x G constituting the ho- 
momorphism for the lemma [1]). We denote / = A*Q = P Xg {H x G) and 

we call it the identity-bundle. Let A* : , I^ Q 

[x,q) 1-^ q 



and i : P — )• / be 
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defined by G P, = [{pg, eH,g ^)]g£G]. We have then the following 
commutative diagram 



P 



M 



M 



A. 



> Q 



Ml 



We denote by A„ : TI ^ TQ and by A* : n*Q n*I the push-forward 
and the pull-back of A*, and by : TP — )• TI and l* : Q*I — > i}*P the 
push- forward and the pull-back of l. 

Let Hi : ^ ^ . Let HJP = {{y,x,p) e Ml x P\y = 7rp(p)} be 

[y, I— > y 

the G-bundle over Ml induced by P via Hi . By construction the transition 

functions of n*P are gj,{y,x) = g^^ {Ili{y,x)) = g^^{y). Let t : H x G ^ G 
be the homomorphism defined by t{h,g) = t{h)g. The bundle Q XHyiG,t G 
defined by t and the lemma[T]has the same transition functions t{q^^{y, x)) = 
t{h'^{y,x))g''^{x) = g'^{y). We have then T = U^P = Q XHxG,t G that we 

T ^ P 

call the target-bundle. Let Hi* : , . and r : Q — > T be 

{y,x,p) ^ p 

defined by Vg G Q, r(g) = [{q{h,g),g-^t{h-^));h (£ H,g (£ G]. We have 
then the following commutative diagram 



P <- 



M 



Ml 



Q 



Ml 



We denote by Hi^ :TT^TP and by Ul^ : n*P n*T the push-forward 
and the pull-back of Hi*, and by n : TQ ^ TT and r* : n*T 0*Q the 
push- forward and the pull-back of r. 

Let n2 : ^^^^ ^ . Let U*,P = {{y,x,p) G Ml x P\x = 7rp{p)} be 

the G-bundle over Ml induced by P via 112. By construction the transition 

functions of HgP are gg{y,x) = g^^{x). Let s : H yi G he the homomor- 
phism defined by s{h,g) = g. The bundle Q y<Hy,G,s G defined by s and 
the lemma [1] has the same transition functions s{q^^ {y,x)) = g^^{x). We 



have then S 



U*P 



Q x_ff>aG,s G that we call the source-bundle. Let 
S be defined by G Q, <;{q) = 



II2* : / S —i- P ^ _ Q 

{y,x,p) ^ p 

[{q{h, g), g^^); h G H,g G G]. We have then the following commutative 



18 



NON-ABELIAN HIGHER GAUGE THEORY 



diagram 



P -f 



n2. 



Q 



M <r 



Ha 



Ml 



Ml 



We denote by Hs** -.TS -^TP and by n*^ : 0*P n*S the push-forward 
and the pull-back of U2*, and by : TQ ^ TS and <;* : n*S n*Q the 
push- forward and the pull-back of 

Wc denote by ip'p and the transition functions of P and Q (they cor- 
responds respectively to the object and the arrow parts of the functor ^*). 
The three previous commutative diagrams can be rewritten as follows: 



(37) 



Il2*oq (^ip'Q{y,x,h,g)^ =ip'p{x,g) 
ni* o T [ipqiy, X, h, 5)) = ip'p{y, t{h)g) 



This is the reformulation of the functor properties of in the fiber bundle 
language. 



Since P and Q are principal bundles, they have canonical vertical tangent 
spaces : TpP D VpP 0^ q (Vp G P) and TgQ D FgQ ~ [3 C (Vg G Q). We 
define a connection of V as being two connections, one of P and one of Q, 
compatible with the category structure of V, and then compatible with the 
commutative diagrams linking P and Q via /, T and S. 

Definition 14 (2-connection on a trivial 2-bundle). A 2-connection on a 
trivial 2-bundle V, is the data of a connection HP on P and a connection 
HQ on Q such that the horizontal spaces satisfy 

(38) ype P A^,^L*HpP = H^^ol(p)Q 

(39) VgGQ Uu^T^HgQ = Hu,,oriq)P 

(40) yqeQ Jl2**^*HqQ = Hu,^,,^g)P 

This definition can be expressed in the terms of the connection 1-forms. 
Let Up G Q^{P,q) be the connection 1-form of P (keiujp = HP) and coq G 
^^{Q, f) C 0) be the connection 1-form of Q {keiUQ = HQ). We have then : 

(41) i*A:u;Q 

(42) ?*n*,a;p 

(43) T*Ul,LOp 



= Up 

= vrS(^Q) 
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We consider now the local data of the connection. Let ap G r{U^,P) be 
the trivializing local section of P 

(44) yxeU'n W , a^p{x) = a'p{x) g'^ {x) 

and (Tq G r{U^ x U^, Q) be the trivializing local section of Q : 

(45) Wx,yeU\ a^Q{y,x) = a'Q{y,x)q'^{y,x) 
By the properties of the local trivializations we have 

' o L {a'p{x)) =CT^(x,x) 

(46) J Ha* o {(^Qiy^ x)j = a^p{x) 



UuOT(a'Q{y,xfj = a'piy) 



We can then define a G-gauge potential = a'pUp € f]^(C/*,g) and a 
H X G-gauge potential ry* = (TqUJq G Q^(U^ x ^ s). The relations 

between the connection 1-forms and between the trivializing local sections 
induce 

(47) V\x,x) = A\x) 

(48) TT^rf{y,x)) = A\x) 

(49) t'^''{rfiy,x)) = A\y) 

This induces that r]^{y, x) = A^{x) + r]'^{y, x) with ry* G x UJ^, t)), such 

that r]^{x, x) = and 

(50) t'^'{ri\y,x)) = A'{y) - A'{x) G n\u' x C/;^,t^^^(f))) 

By construction we have 

(51) yxeU'nW, A^{x)=g'^{x)-^A\x)g'^{x) + g'^{x)-^dg'^{x) 
(52) 

yx,yeU'nW, rf{y,x) = q'\y,x) ^rf{y,x)q'^{y,x)+q'^{y,x) ^ d^2)<l'^ {y , x) 

where d(2) = dx + dy = -^dx^ + -^dy" denotes the exterior differential of 

Ml 

Property 12. Vx, y G fl [/"^ w;e have 

Oigi3(x){rf{y,x)) = h'^{y,x)~'^ri\y,x)h'^{y,x) 

+W\y,x)-^d^2)h'^{y,x) 
(53) +h'^{y,x)-^a'^t^^^{W^{y,x)) 
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Proof. We have 

qiJ-^rfq'^ = g'^-^h'^-^A'h'^g'^ + g'^-^h^^-^ifh^^ g'^ 

= g'^-^A'g'^ + g'^-^h'^-^ [A\ h}^]g'^ + g^^-^h^^-^ifh}^ g'^ 

Moreover 

q''-'d^2)q'' = g''-^h'^-'d^2)h''g'' = g'^-\h'^-^d^2)h'ng'' + g''-'dg'^ 
We have then 

rf = g'^-^A'g'^+g'^-^dg'^+g'^-^ {h'^-^r]'h'^ + h'^-^d(^2)h'^ + h'^-\A\h'^]) g'^ 

□ 

Finally we can introduce the curvatures of the connections, = dA^ + 
A^ ^A^ e n'^{U\Q) and = d(2)7?^ + A^' ^ ^^(^' ^ ^/7^' ^ ^ S)- I* is 
easy to see that can be decomposed as F^ = F^ + with 

(54) 5^ = d(2)rt + rtKrt + a^firj') G x C/)^, f)) 
We can note that is equi variant : Vx, y G C/* fl 

(55) = g'^'^F'g'^ 
but the curving satisfies 

(56) agij (B^) = W^'^B'h'^ + h'^~\^pf{W^) 

In the higher gauge theory litterature, F^ (or + t^'^(S*)) is usually called 

the fake curvature and B^ is usually called the curving. We can also in- 
troduce the true curvature (or 3-curvature) W = d(2)B'^ + a^^{B^) = 
d{2)F! + [A:\F'] = -[r]\F'] G Q^{U' x ?7)^, f)) which satisfies the gener- 
alized Bianchi identity d^2)H''■ + a^f{H') + [B\F'] = 0. 

If M is hyperbolic, there exists also H xi G-bundles over = [ji{U'^)^j^ 
{n > 3) denoted Q^""-^) with the transition functions q!^_i{z, x) = q^\z, x). 
We consider the case of Q^'^\ The relations between Q^'^^ and P are the same 
than between Q and P. Moreover Q^"^^ is related to Q by the partial diago- 
nal maps: (y, x) {y,y,x) and (y, x) t-^ {y,x,x). This induces that Q^^^ is 
endowed with a connection of gauge potential ry* G fi^((J7*)/^, f) C fl) such 
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that 



(57) 


r)^{x, X, x) 


= A\x) 


(58) 


rf{y,x,x) 


= rf{y,x) 


(59) 




= rf{y,x) 


(60) 


t^-(^*(z,y,z)) 


= ^\^) 


(61) 


Tr^{rf{z,y,x)) 


= A\x) 



This induces that r/*(z, y, x) = rf{z, y) + rj'''{y, x) — A^{y) = rf{z, y)+rf{y^ x) + 

A^{x). The connection of Q*-^-* does not contain new information. This 
argument can be repeated for Q^"^^). 

4.4 2-connection : general case 

Let {P''}i and {Q''}i be the local principal G-bundles and H xi G-bundles 
over and C/* x [/^^ defined by = {<t)'^{x,g);x G V^.g G G] and 

= {(f)'^{^,h,g);{y,x) G (U^)'j-j^,h e H,g e G}. The 2-transition func- 
tions h^^^{x) constitute an obstruction to hft {P^}i and {Q^}i as globally 
defined principal bundles (because of the failure of the cocycle relations for 
g''^{x) and h^\y,x)). The construction followed in the previous section can 
nevertheless be reiterated over each 2-chart W but not globally. We have 
then local indentity-bundlcs local target-bundles T* and local source- 
bundles 5*. Nevertheless we need a global bundle ensuring the global con- 
sistency of the connective structure. By definition of a Lie crossed module, 
t{H) is a normal subgroup of G. We have then the following extension of 
groups: 

^G^ G/t{H) 1 

Let R be the principal G/t{H)-hund\e over M defined by the transition 
functions p{g'^-'{x)) (since t(h'''^^{x)) G ker p, p{g'^-'{x)) satisfies the cocycle 
relation p{g^^ {x)g^''{x)) = p{g''^{x))). Let Pyt{H) be the principal G/t{H)- 
bundle over [/* induced by p with P*. We denote by i?' : P* ^ P"^ /t{H) the 
map defined by Vj* G P*, i?*(p) = pt{H) (where the canonical right action 
of G on P* is simply denoted by a right multiplication). Clearly, P'''/t{H) 
and R are diffeormophic over W: P^/t{H) ~ R\u*- Moreover we have the 
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following commutative diagram over W Ci W : 



\U^f\U3 



R 



i 3-1 
fRfR 



-> P; 



where <^}^ are the local trivializations of R. 

Definition 15 (2-connection on a 2-bundle). A 2-connection on a 2-bundle 
V, is the data of connections HP^ on P\ connections HQ^ on and a 
connection HR on R such that the horizontal spaces satisfy 

(62) ypeP' A,,L,HpP' = -ffA.o.(p)Q' 

(63) yqeQ' U2,*<i,HgQ' = Hu,^,,^g)P' 

(64) yqeQ' Uu*r,HgQ' = Hu,^or{g)P' 



(65) 



R 



We can explain the relations between the connections by using the con- 
nection 1-forms Up G ^l^iU^Q), ojq G x UJ^,i) Q- g) and ur G 

ri^(i?, p^*'^(0)) (p^*^ : g s/t^^'^ii)) is Lie algebra homomorphism induced 
by p): 

(66) i*Alu'Q = u\> 

(67) = 7rS(4) 

(68) T*Xll,u^\> = t^-(a;^) 

(69) ^'*u;r = p'^'^Jp) 

Let erf, G r(?7^P') and cr^ G r(i7' x Uj^,Q^) be the trivializing local sec- 
tions : o-p{x) = 0*(a;, eo) and aQ{y,x) = 0*(|/x, ej/, ec)- We can define 
the G-gauge potential A* = cjpWp G n*(?7*,0) and the H x G-gauge poten- 
tial r/* = cTqi^Q G Q}-{U^ x f7/7^,f) ^ s). By the same arguments that for 
the case of the trivial 2-bundles, wc have iff{y,x) = A^{x) + rf{y,x) with 
rf G ^^{U^ X U^i^,\]) and t^*^(r/'(y, x)) = #(y) - A'(a;). 

Let the 1-form on n be defined by a^puo^p - a^p^'*(t)'*uj\,. Since 
(j)^^^ap{x) = ^V'^(x, ec) = (j)^{x,g'^^{x)) = R{g'^^ {x))ap{x) we have 

(70) a^*a;^ - c7^*<^"(/."w|> = A^ {x) - g'^ {x)^^ A\x)g'\x) - g'^ (xy^dg'^ {x) 
But wc have also 

(71) p^'^{a^;(Jp - a^*f*(l)"oj'p) = a^pd^*ujR - a^;^"f*^"ujR 
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But = vWr^'^' = and ??V^(x) = ^'a'p{x)p{g'^x)). We have 

then 

= a\x) - p{9'^{x))-'a\x)p{g'^{x)) - p{g'^ {x))-' dp{g'^ {x)) 

(72) = 

where a* = api^^UR is the gauge potential of R associated with the section 
7?V|,(x) G r{U\R). We conclude then that A^{x) - g'^ {x)-'^A'{x)g'^ {x) - 
g'^{x)-^dg'^{x) G ker p^'^ = t^'^i)). 

Definition 16 (potential-transformation). We call the potential-transformation 
of the 2-connection, the 1-form rf^ G ^^{U'^ fl [/■', ^) such that 

(73) A\x) = g'^{x)-^A\x)g'^{x) + g^^x)'^ dg'\x) + t^'^{rt\x)) 

The gluing relation of the P*-curvatures is not equivariant: 

(74) dA^+A^^A^ = g'^'\dA'+A'hA')g'^+t^'^{dri'^+a^^^{it^)-7f^ Art^) 

but p^^^{dA' + A* A A') is equivariant (with p{g^^)). Let 31^^ G ^'^{U\\)) 
be a 2-form such that 

(75) i?ipJ^)-"9-(-)-i(i?:pJ^)) = d^^^{x) + a^r^^^{rt^{x))-rfHx)Arf^{x) 

Then = dA* + A* A A* - t^*^(-B*p^) G ^^(J/*, g) is equivariant and belongs 
to the equivalence class of the 2-forms of compatible with the curvature 
of R (p(FO = pidA"- + A^ A A"-) = da"- + a* A a*). Wc consider then as 
being the fake curvature of {P^}i- We call 5^^^ the spherical part of the 
curving. 

Property 13. The gluing relation of the H x G -gauge potential rf G {W x 
f^/7e, f) € 5) is 

rf{y,x) = q''^{y,x)~^rf{y,x)q'^{y,x) + q'^{y,x)~^d^2)q'^{y,x) 

(76) +i"'=(?7*^(x)) + v'^iy) - rf\x) 

Proof. Let v'i G Q2(([/inC/J)2^, () € g) be v^^ = rf -q^^^^rfq'i -q^^-^di2)q'^ . 
By using the properties of rf under the actions of A*, f^*^ and tt^, and the 
gluing relation of A^ we find 

(77) v^\x,x) = t^'%r]'^{x)) 

(78) t^''{u^^{y,x)) = t^^%v''{y)) 

(79) 7r%u'^{y,x)) = i"'^(r?*^(x)) 

This induces that v^^{y, x) = t^^'^{rf'^ {x))-\-rf^ {y)—rf^ {x) (modulo an ignored 
element of ker t^*^ without significance) . □ 
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By following the same arguments as for a trivial 2-bundle, we have ?7*(y, x) = 
A^{x) + ri''{y,x), with rj^ G ri^(f/* x W^^^ji)) satisfying the gluing relation: 
y{x,y)e{WnW)/n 

^gii (x) 



(80) 

Let = d(2)rf + rf Arf e n'^{U' x Uj^^, f) e fl) be the fake curvature. F' 

can be decomposed as = + t^'^^{B\p^) + with = (i(2)?7* + rf f\ 

rf + a^t{fl^) € VL^{U^ x f/^^j^, i)) called the nonspherical part of the curving. 

^sj;/i(-^) + ^nsiv^-^) forms the total curving. The gluing relation for the 
nonspherical part of curving is 

Bisiy^x) = agij^^yi {h'^{y,xy^Bl^^{y,x)h'^{y,x) 

+h^\y,x)-'a%^{h^\y,x))) 

-dri'^ix) - a%^{r,^^{x)) + r,'^{x) A v''{x) 

(81) +[ri'{y,x),ri'^{y)] 

and for the total curving 

B^{y,x) = agi^^)-i {h'^{y,x)-^B\y,x)h'^{y,x)) 

+agij^^)-, (h'^iy, x)-ia^^(^)^g,^^(^)(^^^(y, x)) 

+dr,'^{y) + oc%^{rfKy)) ' rt'{y) A rf'{y) 

(82) +W{y,x),rf\y)] 

Property 14. The gluing relation of the potential-transformation is Vx G 

w n w n u'' 

(83) 

a5i,(r?^^) + ag,,g,fc(r?^'=)-/i^^'= ^ agik{rt^)h'^^ = h'^^ ^dh'^^ + h'^^ 'a^f(^^^'=) 



= h'^{y,x) ^r]'{y,x)h'\y,x) 

+h'^{y,x)-^d(^2)h'Hy,x) 
+h'^iy,x)-'a%^ih'^iy,x)) 
+agij(ArtKy)-rtKx)) 
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M 

0-form 1-form 2-form 


Ml 

0-form 1-form 2-form 


G 


A' F' 




H 


^sph 





Proof. 

= g'^A^g^^-^ -A' - dg'''g'^-^ 

= g'^ [g^'^-^A^g^^ + g^^~^dgi^ + t^^^rf'")^ g^^-^ - A' - dg^'^g'''-^ 

= g'^ {g^^'^ {g'^-^A'g'^ + g'^~^dg'^ + t^^^rf^)) g^'' + g^^'^dg^'' 

^tLie^^jk^\^ gik-l _ t^gifc^ifc-l 

After some algebra we find 

gij gjk gik-l gik^Lie ^^ik-^gik-l gik gjk-l gij-l 

= A'- g'^g^''g'''-^A'g'''g^''~^g'^-^ + d{g'^ g^''g'''-^)g'''g^''-^g'^-^ 
+g'H^'^{ri'^)g'^~^ + g'^ g^V'%7]^'')g^'''^g'^'^ 

Finally by using the relation g^^g^^~^g^^^^ = t{h^^^) we prove the property 
modulo an ignored element of kerf'^*'^ without significance. □ 



The local data defining a 2-bundle with a 2-connection are summarized 
in table [H 



5 Horizontal lifts 
5.1 Pseudosurfaces 



The construction scheme of a 2-bundle over an affine 2-space shows that 
the natural objects which can be lift in the bundle are not the surfaces but 
geometric entities related to the categorical structure. 
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Definition 17 (Pseudosurfaces). Let M be an affine 2-space. A pseudo- 
surface is a smooth map 7 : [0, 1] — >■ Morph(A^) such that j^u) is constant 
near u = and near u = 1. 

By definition, all pseudosurface on a spherical affine 2-space is reduced to 
a path- identity in M (ii i->- ids(^(„))). 

The path on M = Obj(A^) defined by u 1— >■ s{'y{u)) is called the source- 
boundary of the pseudosurface 7, and the path u 1— >• t{^(u)) is called the 
target-boundary. Let {[0, 1] 3 u Xi{u) G M}j=i^...^„ be the minimal set of 

smooth paths such that 7(1*) = Xn{u)...xi{u). Skel^(n) = (x„(n), ...^xi{u)) 
is called the skeleton of the pseudosurface. We note that a skeleton can 
have junctions in the case where Xi{u) = for u < u^, (for example). 

A pseudosurface which has a skeleton reduced to its boundary is said ele- 
mentary. By definition, all pseudosurface on an euclidean affine 2-space is 
elementary. It is interesting to point out some special cases of pseudosur- 
faces: 

• A pseudosurface is said impervious if its boundary is closed : 7(0) = 
id5(-y(o)) and 7(1) = ids(.y(i)). An impervious pseudosurface is well 
delimited. 

• A pseudosurface is said cyclic if it is impervious and if 7(0) = 7(1). 

• A pseudosurface is said pinched if V-u G [0, 1], s{j{u)) = 5(7(0)) or/and 



Definition 18 (Composition laws of pseudosurfaces). Let 71 and 72 be 
two pseudosurfaces such that (for two parametrizations u i-> 71 (u) and 

u 1-^ 'J2{u)) Skel^^(l) = Skel-y2(0). The horizontal composition of these 
two pseudosurfaces is the pseudosurface 71 * 72 defined by the skeleton 



Let 71 and 72 be two pseudosurfaces such that Mu, s(7i(m)) = t{'^2{u))- The 
vertical composition of the two pseudosurfaces is the pseudosurface (71 o 
72) (^i) = liiu) 072(14) (in the r.h.s. o denotes the arrows composition of 
Morph(>t)). 

The pseudosurfaces define a category VS{M) with the smooth paths of M 
as objects, the pseudosurfaces as arrows and the vertical composition as 
arrows composition. 



t(7(u))=t(7(0)). 
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5.2 Horizontal lifts of pseudosurfaces 



Definition 19 (Horizontal lifts of an elementary pseudosurface) . Let V he 
a 2-bundle over an affine 2-space M. endowed with a 2- connection. Let 
7 : [0, 1] — )■ Morph(A^) he an elementary pseudosurface. A map 7 : [0, 1] — >■ 
Morph(7^) is said to he a horizontal lift of ^ ifMu G [0,1], t:{^{u)) = 7(n) 
and if ^{u) € Morph(Z^*) we have G Xl(^~-^{u) G 

and X^^-^{u) G -ff((^(„))P* where Xi G TQ^ is the tangent vector of j viewed 

as a path in and X^^^-y X'^^-s^ G TP* are the tangent vectors of s{^) and 

t('y) viewed as paths in P*. 



Let cr* G Funct(^*, P) be the trivializing local section : a^{x) = 0*(x, ec) = 
(Tp(x) and cr*(|/x) = ^^(l/x, en, eo) = ^qiu-, x)- Let 7 be an elementary pseu- 
dosurface completely included in {Vu G [0, 1], ^{u) G ip{U'^ x W^j-j^)- The 

horizontal lift of 7 passing through cr' (7(0)) is 
(84) 



P^e ■'(y(o)Mo)) 1^'^' 1 ^ H yi G is path-ordered exponential along the path 
u I-)- (t(7(«)), s(7(n))) E U"^ X C/^^ (in order to simplify the notation we 
have denoted s{'y{u)) by x{u) and t{'j{u)) by y{u)). By definition of the 

_ r{y{u),x(u)) i, . 

path-ordered exponential, P-ye ■'(!'(o),^(o)) 1 > is solution of 



ttJl-vO (!/(0),x(0)) !Z if'^J Av(u),x{^)) i, . 



We find this result by applying the horizontal lift formula in the local 

H X G-bundlc Q*. The horizontalities in P* are ensured by the relations 
between HQ^ and ifP' of the definition of a 2-connection. The horizon- 
tal lift of 7 passing through q G Morph(P) with 7r{q) = 7(0) is then 
7^(n) = R{h,g)j^{u) where {h,g) e H xG is such that i?(/i, 5)0-* (7(0)) = q. 

P^e ''(!'("),a:(o)) 1 is an element of H x G represented in the universal 
enveloping algebra of f) € 0- It is more interesting to have an expression of 
the horizontal lift as a couple {h{u),g{u)) with h{u) G H and g{u) G G. A 

such expression is simple in the case where H is the center of G (1 — >■ iif 
G —7- G/H —7- 1 is then a central extension of groups, t is just the canonical 
injection of if in G and a is just the conjugation ag{h) = ghg~^). Since 
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rf{y,x) = rf{y,x) + A^{x) with A^{x) G Q and rf{y,x) G we have 
(86) P^e hy(o),xm IKV,^) ^ g J(j/(o),x(o)) '^^'^\p^. •^^(O ^ 



where Ps('y)e G G is the path-ordered exponential along the path 

u ^ s{-f{u)) = x{u) G U\ e~ ■'(y(°^'^(°n ^ ^y^^' e H is written without path- 
ordering since H is abelian if it is the center of G (the expression is then 
an usual exponential). Since we consider a pseudosurface, it is interesting 

_ r(y(u),x(u)) i, s 

to view e ■''.y(o)Mo)) ' as a surface element. For this we suppose that 
Vn G [0, 1], x(l) and y{u) are linkable and x{u) and y(0) are linkable. Let 
be the closed path in W x C7* defined by [0, 1]3 {y{u),x{u)) for its 
first part, [0, 1] B u ^ (y(l — u),x{l)) for its second part, and [0, 1\ 3 u ^ 
(y(0), x(l — u)) for its last part. Let 5^ be a surface in U'^ x U'^ having as 
boundary [dS^{u) = C^). We call a surface of the second kind supported 
by the pseudosurface 7. We can decompose 77* as the following 

(87) ri\y, x) = rfs^{y, x)dxi' + ?7j^(y, x)dy^ 

where rfg G ^^UJ and r]\ G ^^Uf ^ . By considering the three parts 



of we have 



(y) w 



r dyWMi)) rvio) rxio) 

(88) 6 ri\y,x)= v\y,x)+ 4{y,x{\))+ ^\{y{Q).x) 

By the Stokes theorem we have §^2 rf = jjg2 d(2)V^ = JJg2 -B^s, and then 
(89) 

/ rj\y,x)= Bl,,iy,x)+ r,\{y,x(l)) + r,\{y{Q).x) 

Finally the horizontal lift of 7 is associated with 



J(y(0),x(0)) 1 yH'^) 



(90) = (^e~ ^^^'^ ^'r.sM^- /,(^) vii.yio),x)^- J^^^^ 4i,y,xi,i)) ^ p^^^^^- /^^^^ A^{x)\^ 

This last expression makes appear explicitely a surface 5^ supported by 
the pseudosurface and the boundaries 5(7), ^(7) of the pseudosurface. We 
suppose now that 7 is impervious (and still that Vn G [0, 1], y{u) and a;(l) = 
y(l) arc linkable, and x{u) and x(0) = y(0) are linkable). Let be the 
closed path in [/* defined by [0, 1] 3 u ^ y(n) (^(7)) for its first part and 
[0, 1]3 x{l — u) (5(7)^^) for its second part. By the property of 77* with 
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^Lie have t^"^^ {'q\{y , x)) = —A^{x) and t^^^ {rjKy , x)) = ^*(?/), and then 



A' 



By invokating a non-abelian Stokes theorem |29j we can write ^c}^e 
as an ordered exponential of + t^^^{B\^^) along 5^ (a surface in [/* hav- 
ing C}^ as boundary). But by construction P^ie € t{H) and then 

p ^I^ci^ ^"^7 ^ ^ = cqih- We can then choose = on We have then 

We have a such drastic reduction because we have supposed that Vu € [0, 1], 
y{u) and x(l) = y(l) are linkable and x(u) and x(0) = y{0) are linkable. If 

this is not the case, IPcie ^'^^ ^(-f^) (^^(^'^(l)) ^'^d V^ivi^):^) 
defined). We call S}^ a surface of the first kind supported by the pseudosur- 
face 7. Finally we have 



(92) = t (e 



ve 



(93) = ( e"^^-^''-^^'^)e-^^-4^-'^(-V.we-^^(-)^'(^) 



For the general case (where H is not the center of G and is not necessary 
abelian) the situation is more complicated. We can separate the parts of H 
and G by using the intermediate representation theorem [30]: 

(94) hy(o)Mo))^^y'''> = If^e ■'(^'W.-W) ^ ^ P^(^)e •'-(o) ^ ^""^ 
where 

(95) fi\yiu),x{u)) = a _ .^w (r/*(x(n), y(n))) 

To make appear surface integrations for the element of H, we need the use 
of very complicated expressions issued from the non-abelian Stokes theorem 
|29) . To avoid this difficulty we will consider an infinitesimal elementary 
pseudosurface. To this, we need some results of simplicial geometry [31^ 
1321 133] , Let {i^njneN be a familly of smooth triangulations of W x C/'^ 

(a triangulation is a triangular network covering W x U^^j^, a triangular cell 

of this network is called a simplex), such that IJnGN-^" = f/* x t/^^^. Let 

{C*{Kn, {)), +, U, 6) be the Cech differential algebra defined by: 
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• C'f{Kn, f)) is the algebra of antisymetric maps form {KnY to f) called 
the p-cochains. 

• 5 : CP{Kn, f)) ^ CP+^{Kn, i)) the cobord operator is Vuj G CP{Kn, f)) 



P+i 

uo...nj...np+i 



(96) {5u;U...u,+,=^i-iyuj, 

j=0 

Ui G Kn and signifies "deprive of tij". 
• U : CP{Kn,l)) X ^(i^n,^ ^ {)) the cup-product is Vw G 

(97) ^ 

('^U7/)„0,,,„j^_^^ = P^yy^— X] (~^)'^[^«<T{0)---«a{p)'^«<T(p+l)-'"<T(p+5)] 

•Sp+g+i being the group of permutations and (— 1)°^ being the signature 
of the permutation a. 

At the inductive limit of the refinement n — )• +oo, the Cech differential alge- 
bra is isomorphic to the de Rham differential algebra (0*([/*xC/y^, P)), +, A, (i(2))- 
The isomorphism is induced by the de Rham map i?„ : x U^^^, f)) — > 



(98) Rn{c^)uo...Up = W 

J {uo...Up) 

where {uQ...Up) is a p dimensional submanifold of C/* x [/^^ forming a simplex 
with «o,...,iip as vertices {{uqUi) is an edge, {uqUiU2) is a triangular cell, 
{U0U1U2U3) is a tetrahedron, etc). The reciprocal map is the Whitney map 
Wn : C*{Kn,i)) n*{U' X C/)^,fl) (see [Ml IH [33] ) . It is interesting to 
note that Vw G 17P(C/^ x C/^^, f^) 



(99) {SRn{uj))ua...Up+i = / d(2)^ SRniu}) = Rn{d{2)i^) 

J (Mo...Mp+l) 

and Vw G OP(C/* x C/*^), Vr? G rj«(?7^ x ?7^^) 

(100) lim Wn{Rn{00) U i?„(7?)) =00 Ml 
n— >+oo 

(the limit being defined with the topology of a L^-norm see |3 H I32 1 [33]). Let 

en be "the edge length" of K„ (i.e. Vr? G ^^{U^ x ^7)^), Rn{v)u,u, = 0{en) 
with lim„_>.+oo Cn = 0). It is interesting to note, that the Cartan structure 
equation f3 = da + a f\a (with a G Q}{U'^ x [/^, f))) takes the form 

(101) g-Rn(o)uiU2 g--Rn(Q!)iioU2 g-Rn(a)uQiil _ g-Rn (/3)uq ) 



DAVID VIENNOT 



31 



by using the Baker-Campbell-Hausdorff formula ( [34] ) at the second order 
gagfe ^ ga+6+i[a,fe]+o(e3) a, 6 G f) and a, 6 = 0{en). 

Let 7 : [0, 1] Morph(AI) be an elementary pseudosurface such that 
(y(0),x(0)), {y{l), x{l)), (y(0),x(l)) G with n large and such that 
Vu G [0,1], x(l) and y{u) are linkable and and y(0) are linkable. 

Let be the closed path in [/* x defined by [0, 1] B u {y{u),x{u)) 
for its first part, [0,1] 9 u i— )■ (y(l — ti),x(l)) for its second part, and 
[0,1] 3 u (y(0),x(l — u)) for its last part. For sake of simplicity we 
denote uq = (y(0), a;(0)), ui = (y(l),x(l)) and U2 = (y(0), a;(l)). We can 
assimilate to the simplex (the triangular cell) {uqUiU2) of -fC„. By using 
the Baker-Campbell-Hausdorff formula at the second order we have then 

= exp [SRn{l]^)uoUiU2 

+ i?„(r?*) U i?„(r?*) 

+i?„(77*) U Rn{A') 

U0UIU2 

(102) = e'^"*-"^"''''''o''i"2+^('^n) 

Finally by writting that p^e" •^('^''(o) ~ gRn(r)')„o„i ^ ^l^g horizontal 
lift for an infinitesimal elementary pseudosurface 7 is 



ve 



j{y{o),x{o)) 1 yy^^' 



Moreover, if 7 is impervious we have 

•'{a{o),a:(o)) n yy^^) 



(104) ~ ( e ' ^-(^''^^g- /isi ^^P'.^")^ e" ^'^'^ 



Let : Morph(Z^O^°'y ^ x G be the map which associates to an 
elementary pseudosurface the group element associated with its horizontal 

lift: nti-y) = P^e" ^(yWMo)) n'iy'^) ^ We extend ne as a functor from VS(U') 
to G transforming the horizontal composition to the horizontal composition 
and the vertical composition to the vertical composition: 

(105) ^f(7i*72) = ne{^i)-nei^2) 

(106) ^f(7i°72) = W^(7i)o?^f (72) 

"•" denotes the group law oi H yi G. This functor permits to define the 
horizontal lift of any pseudosurface 7 of Let 



(107) 



7 = (711 ° ••• o 7ln) * ••• * (7pl o ••• ° Ipn) 
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be a decomposition where each 7jj is an infinitesimal elementary pseudosur- 
face. The horizontal lift of 7 is then 

(108) ntin) = {w\ju) o ... o nti^m)) * ... * {ne{jpi) o ... o ne{jpn)) 

This decomposition is well defined because of the exchange laws: V711, 712, 721, 722 £ 
VS{U') with Ske^i(l) = Skel^2i(0), Ske^2(l) = Skel^22(0), s(7ii(n)) = 
ti^i2{u)) and 5(721 (u)) = t(722(^i)) 

(109) (711 o 712) * (721 o 722) = (711 * 721) o (712 * 722) 
and V/iii,/ii2,/i22,/i2i G H, ygi2,g22 G G 

{{hii,t{hi2)gi2) O {hi2,gi2)) ■ {{h21,t{h22)g22) ° (/l22,5'22)) 

(110) = ((/ill,t(/ll2)5l2) • {h21,t{h22)g22)) o ((/il2,5'12) ' (/l22,522)) 

Now, we need to define the horizontal lifts of pseudosurfaces extending on 
several charts. Well defined horizontal lifts of paths and surfaces crossing 
several charts have been studied by Alvarez in [35J. Unfortunately, these 
results cannot be used directly in the present context. 

Let 7* be an infinitesimal elementary pseudosurface of W and be an infin- 
itesimal elementary pseudosurface of such that 7*(1) = 7-'(0). Following 
the usual horizontal lift formula for a path (with rj) we extend Til as follows 

(111) Wif * 7^') = neij') ■ {h'^{y,,x,),g'\x.)) ■ np{-i') 

where = s{f{l)) = 8(7^(0)) G C/^ n and = t{f{l)) = t(7^(0)) G 
[/* n UK We can note that this formula depends on the point (7/^,3;^,) G 
([/* n The formula is different for two over pseudosurfaces such that 

y * y = y * y but with (yl,x^) 7^ (y^,x^). This is due to the fact 
that rj^ 7^ q^^~^rfq^^ + q^-^~^d{2)(f^ ■ Nevertheless, if the pseudosurfaces are 

infinitesimal, we can think that the defect Pe-'fy*'^*) ^ yi y n 1 yui 1 \ 11 
is negligible. 

Let 7* be an infinitesimal elementary pseudosurface of C/* and 7-' be an 
infinitesimal elementary pseudosurface of U^ such that 5(7-') = t(7*) = C^, C 
U^ nUK The vertical composition of Uti^^) with cannot directly 

be performed since 

(112) t{ne{Y)) = Fc.e-^c.^' ^ Pc.e^^c*^' = s{n&{j^)) 
Since = g^^'^A'g'^ + g^^'^dg^^ + t^^^-q^^) we have 

(113) Pc.e-/c.^^=5^J-(^,(i))-ip,^e-^c.^'+*^-(V^('7-))5^i(^^(0)) 
with s{'~f^{u)) = t(7*(ti)) = x^(n) (Vn G [0, 1]). Since we have 

(114) t (Fc^e- ^c. V^- Pc,e~ ^c. = p^^e" ^'+t"^(v^- W'))+o{el) 
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we set 



w{-f^ o y ) 




(115) 



Let 7* be an infinitesimal elementary pseudosurface of C/*, 7-' be an in- 
finitesimal elementary pseudosurface of and 7^^ be an infinitesimal ele- 
mentary pseudosurface of U^, such that 7*(1) = 7*^(0), 5(7^^) = ^(7-') and 



s{f{l)) = s(7^(0)) = s(7-''(0)) = t(7^'(0)) = e U'n W n U''. To be 



coherent with the branching point which is on the triple overlap, we set 



(116) = nt{Y) ■ ih'\y,,x,)h'^\x,),g'^ix,)g^'ix.)) ■ W{^'' o 7^') 



where = t(7*(l)) = 4(7^^(0)). Moreover we set similar formulae for the 
other situations with a branching point on a triple overlap. 

With all these definitions, T-L^ can be extended as a functor of VS{M) to 
Q. By decomposing any pseudosurface into infinitesimal elementary pseu- 
dosur faces, we can define any horizontal lift. 

6 Example: The Bloch wave operators in quantum dy- 
namics 

6.1 The Bloch vi^ave operators 

The studies of quantum dynamical systems with "large Hilbert space" (i.e. 
quantum systems where a large number of independent states are involved 
in the dynamics) are generally difficult for the theoretical viewpoint as 
for the numerical viewpoint. Methods involving active spaces, effective 
hamiltonians and wave operators are good tools to solve this problem (see 
[36l[371[38j). 

Let GmiTL) = {P G B{U), = p^p] = p^ trP = m} be the space of rank 
m orthogonal projectors of the separable Hilbert space T-L {B{H) denotes the 
set of bounded operators of %). If % is finite dimensional, i.e. T-L ~ C^, 
Gm(C"') is a complex manifold called a complex grassmanian [39]. This 
manifold is endowed with a Kahlerian structure (see [40j ). and particularly 
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with a distance (called the Fubini-Study distance) defined by 

(117) VPi , P2 € Grr, (C" ) , distps (Pi , -P2 ) = arccos | det z| Z2 \ ^ 

where ^1,^2 & 2^nxm(C) are the matrices of two arbitrary orthonormal 
basis of Ran Pi and RanP2 expressed in an orthonormal basis of C". We 
can note that < distFs(Pi, P2) < f • The Fubini-Study distance measures 
the "quantum compatibility" between the two subspaces Ran Pi and Ran P2 
in the sense where distFs(Pi, P2) = f if and only if RanP^^ n RanP2 / {0} 
or Ran Pi n Ran Pg" 7^ {0}, i.e. if there exists a state of Ran Pi for which the 
probability of obtaining the same measures as that with a system in a state 
of RanP2 is zero (see [41]). For an infinite dimensional Hilbert space, it is 
possible to define a manifold Gm{T~i) endowed with a Kahlerian structure by 
using the inductive limit technique (see [39j ) . 

Let Po,P € Gm{T~i) be such that distFs(Po) -P) < f • We call wave operator 
associated with RanPg and RanP the operator $7 € B{'H) defined by 

(118) = p{PoPPor' 

where (PoPPo)^^ = Po(PoPPo)"^Po is the inverse of P within RanPo (it 
exists only if P is not too far from Pq, i.e. distFs(-P) -Po) < f)- Usually wave 
operators are used to solve eigenequation [36]. In that case, we solve an 
effective eigenequation H^f^ipQ = XipQ where H^f-I' = PqHQ G £(RanPo) is 
the effective Hamiltonian within RanPg {H € B(l-L) is the true self-adjoint 
Hamiltonian) . We recover the true eigenvector associated with A, Htp = Xtp, 
by ■0 = £ RanP (ipQ = Poip). is called a Bloch wave operator and is 
obtained by solving the Bloch equation 

(119) [H,n]n = o 

bmce = n, a Bloch wave operator can be viewed as a non-linear gen- 
eralization of an eigenprojector (an eigenprojector satisfies [H, P] = with 
p2 = P). Physically, a Bloch wave operator compares the approximate 
eigenstates within Ran Pq (which is called the active subspace) with the as- 
sociated true eigenstates. 

We define a weak left inverse of a wave operator: if J7 = P(PoPPo)~^ then 
= PqP satisfies ^'^n = Pq. 

In a same manner, in order to compare an approximate quantum dynamics 
within an active space Ran Pq with the true dynamics, we can introduce the 
time-dependent wave operator |37j : 



(120) 



n{t) = p(t)(PoP(t)Po) 
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where {PoP{t)Po) ^ is still the inverse within RanPo, and where t P{t) G 
GmiTi) is the solution of the Schrodinger-von Neumann equation: 

(121) ihPit) = [H{t),P{t)] P(0) = Po 

H{t) G BCH) is the self-adjoint time-dependent Hamiltonian. We solve then 

the following effective Schrodinger equation within RanPo- i^dtipolt) = 
H^^f{t)^o{t), where H^f^(t) = PoH{t)n{t) G £(RanPo) is the effective 
Hamiltonian. We recover the true wave function, which is the solution of 
ihdtip{t) = H{t)i){t), by il){t) = n{t)'ilJo{t) (Po^(t) = V'o(i))- The time- 
depend wave operator can be used only if the dynamics does not escape 
too far from the initial subspace, i.e. Vi, distFs(-P(*)) -fb) < f- Since 
P(t) = U{t,0)PoU{t,0)\ where U{t,0) G W(^) is the evolution operator 
{ihU{t,0) = H{t)U{t,0), U{0,0) = 1; U{n) denotes the set of unitary oper- 
ators oiH), we can also write 

(122) n{t) = U{t, 0){PoU{t, 0)Po)~' 

By using this expression, it is not difficult to prove that the time-dependent 
wave operator satisfies 

(123) im{t) = [H{t),n{t)]n{t) n{o) = Pq 

We can also introduce the generalized time-dependent wave operator: 

(124) n{t) = Pit){Po{t)P{t)Po{t))-' 

where t >—?■ P{t) G Gm{T~L) is the solution of the Schrodinger- von Neumann 
equation and where t ^ Po(0 € Gmi'H) is aC^ instantaneous eigenprojector: 
Vt, [H{t),PQ{t)] = 0. This wave operator satisfies 

(125) ihtl{t) = [H{t), 0(i)]0(i) + ih^{t)tl{t) 0(0) = Po(0) 

This wave operator can be used to treat an almost adiabatic dynamics where 
the dynamics does not escape too far from the instantaneous eigenspace, i.e. 
Vt, distFs(-P(i),-Po(i)) < f • Let H^ff{t) = n{t)-'^ H {t)n{t) G C(RanPo{t)) 
be the effective hamiltonian within Ran Po{t). Let {(f>Qait) G Ran Po(i)}a=i,...,r 
be a complete set of eigenvectors of H'^^f {t) (for the sake of simplicity, we 
consider here that H^^^ is diagonalizable) , associated with the eigenvalues 
{Kl^{t)}a=i,...,m- Let il){t) be the true wave function which is the solution 
of the Schrodinger equation ihdtip{t) = H{t)ijj{t) with V'(O) = i;^Oa(0). Since 
distFs(-P(i),-Po(0) < i we wan write that ^){t) = Ylh=i(^b{t)^{t)(t>Qb{t)- By 
injected this expression in the Schrodinger equation, we find that 

m 

(126) = E rTe-''*"/o^^^^(0<i*'-/o'^(0<i*'-/oS(t')<^t'l O(t)0o6(t) 

6=1 
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where Te is the time ordered exponential (the Dyson series) and where the 
matrices i?^-^-^, A, rj ^ 9Jlmxm(C) are defined by 

(127) E^ff{t) = di8.g{Xl^Ht),...,Xtff{t)) 

(128) A{t) = {Zo{t)^Zo{t))-^Zo{t)^dtZo{t) 

(129) r]{t) = {Zo{t)^Zo{t))~^Zo{t)^n{tr'n{t)Zo{t) 

where Zo(t) G 9Jt„xm(C) is the matrix representing (0oi(t), ...,(j)om{t)) in a 
fixed orthonormal basis of ~ C" (if H is infinite dimensional, Zo{t) E 
(£^(N))®™', where £^(N) denotes the square integrable sequences represent- 
ing the coefficients of the decomposition of the states of 7^ on a fixed or- 
thonormal basis). A and r] are the generators of two kinds of non-abelian 
geometric phases. The next section discusses the geometric structure in 
which they take place. 

Remark: the geometric structure associated with usual time-dependent wave 
operators P{t){PoP{t)Po)-^ (with Pq = 0) has been studied in [H]. The 
present work focus on the generalized time-dependent wave operators {Pq ^ 
0). 

6.2 The category of the m-dimensional subspaces 

Before to introduce the affine 2-space of the wave operators, we need the 
introduction of an intermediate category. 

We denote by C^{T-L) the set of rank m linear operators of T-L. For an 

endomorphism / G £^{71) we consider the decomposition ker/ © ker/ 
where dim ker /"*- = dim Ran f = m. We introduce moreover the set 

CWH) = {/ G £J^(^),distFs(ker/^,Ran/) < |} 
and Vg € N* we set 

= {(U-Ji) e (/:^(?^))^Ran/, = ker/ii}/x 
where the equivalence relation is defined by 

ff f\ ( fi fi\ , , I x(/<j5 •••5 /i) = x(/(j) •••) /i) 

U.,-,/ij~xU,,-,/ij ^ |Ran/, = Ran/;,Vi 

with xifq: •••) /i) = fq---fi (t^c products being the operator composition). 
Let £ be the category defined by 

• Obj(£^) are the m-dimensional vector subspaces of Ti. 

m Morph(£:) = UZi^'^rnin) (we note that x(Morph(^)) = C^{n)). 
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• yE G Obj(£'), id^; = Pe (the orthogonal projection on E). 
. V/ G Morph(£-), s{f) = kerx(/)^ and t{f) = Ranx(/). 

• yf,g € Morph(£') such that Ran x(/) = kerx(5')"^; 9°f = [dq, -,91, fp, -, fi]x 
where g = [g^, gi]^^, f = [fp, fi]^, [-Ix denoting the equivalence 

class associated with ~v 



6.3 The afRne 2-space of the wave operators 

Let {^A,^l,^l) be the hyperbolic affine 2-space defined by 

. ohiiM) = Gmin). 

• yP,Qe Gm{n), PTZQ ^ distFs(i',(5) < f • 

. Morph(A^) = {P,{P,^iP,P,^i)~\..iPiP2Pir\Pi G G„(7^),distFs(Pm,^'i) < 

. niPg,...,Pi) = p,(p,„iP,Pg„i)-i...(PiP2A)-^ = h-Pi- 

. s(P,(Pg_iP,P,_i)-i...(PiP2Pi)~i) = RanPi,i(Pg(P,_iP,P,_i)-i...(PiP2Pi)-i) = 
RanPg, idp = P{PPP)-^ = P. 

• The arrow composition is just the operator composition applied on the 
wave operators. 

Let w G Punct(£',Al) be the functor consisting to transform the vector 
spaces into their orthogonal projectors, and such that 

^ ( [/g , • • • , /l ] X ) = -Pftan /, (PRan _ i PRan /, PRan - 1 ) " ^ • • • (-fkcr -^Ran /i P ^cr f-^)~'^ 

-fkan/i being the orthogonal projector on Ran/j. 
Let ( 

Ca)a=i,...,n be the chosen orthonormal basis of T-L. Let {P*}j be the 
set of the orthogonal projectors on the spaces spanned by m vectors of 
{ea)a=i,...,n {m <n). We denote by P the set of the indices of the m vectors 
spanning RanP* (RanP* = Span(ea;a G P))- Let U"^ be the open chart of 
G„(C") defined by 

(130) U' = {Pe G„(C")|distFs(P, n < |} 

{{7*}j constitutes a good open cover of GmiC^) and then {W^}i generated 
by constitutes a good open 2-cover of A4. VP G W, there exists a basis 
{ua)a^p of RanP such that (see ^39j ): 



(131) 



= ea + ^ CabCh Cab ^ C 
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The map C ■ ry / \ the coordinates map of W. VP G C/* 

we denote by Zq e Tlmxni'C) the matrix representing (ui, Um) in the basis 
(ea)a=i^...^„ (we call it the coordinates matrix of P). 



6.4 The trivial 2-bundle associated with the wave operators 



Let V be the category defined by 

• Obj(P) = {Z e TlnxmiC),det{Z^Z) / 0}. Obj(P) can be identified 
with a complex non-compact Stiefel manifold (see [39j). 

• Morph(P) = {{f,Z) € Morph(^)xObj(P);s(/) = Span(Z)}. (Span(Z) 
denotes the vector space spanned by the vectors represented by Z). 

• s{f, Z) = Z; t{f, Z) = x{f)Z {xif)Z denotes the matrix in the fixed 
basis {ea)a=i,...,n representing the action of xif) on the m vectors rep- 
resented by Z). 

• id^ = {P, Z) with P = Z{Z^ Z)^^Z^ which is the orthogonal projector 
on Span(Z). 

• (/2, w) o (/i, z) = (/2 o /i, z) With w = x{h)z. 



Let vr € Funct(P,7W) be the functor defined by 

(132) VZ € Obj(P), 7r(Z) = Z{Z^Z)-^Z^ G G,n(C") 
and 

(133) V(/, Z) G Morph(P), 7r(/, Z) = w{f) 

V constitutes a principal 2-bundle over M. with projection functor vr. Its 
structure groupoid Q is constituted by G ~ GL{m, C) the group of matri- 
ces representing the basis changes on C™, and H ~ GL{m,C) the group of 
matrices representing the rank m linear operators %. t is then the iso- 
morphism between H and G, and a is the conjugation. We can then define 
the local trivialization equivalences of V: 

(134) VPgG„(C"),5GG', <l,\P,g) = Zlg 
with Zq the coordinates matrix associated with P. 

(135) VZ G Obj(P), (^^(Z) = (Z(Ztz)-izt, {Zi^ ZiY^ Zl^ Z) 

with Zg the coordinates matrix of Z {Z"^ Z)~'^ Z^ . (Zq^ Zq)~^ Zq^ Z is the ma- 
trix of the transformation between the basis represented by Zg and the basis 
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represented by Z. 

yn e Morph(X), {h,g) e H ys G, 

(136) Zq2{Zqi Z^i) ^ZQi,ZQig) 

where Q. = Pq(Pg_iPqPg_i)~^...(PiP2-Pi)~^ with Zq - the coordinates matrix 
of Ran Pj . 

V(/,Z) GMorpMT'), 

(137) 4>\f. z) = i^if), {w^^w^)-'w^\{f)z^o, {z^zi^r^z^z) 

where Zq is the coordinates matrix of Pj^g^^^j-jx and is the coordinates 
matrix of PRanx(/)- have weU t(f)^{f, Z) = (f)^{t{f, Z)) since 

(138) {W^^W^r'W^^ f Z'^iZ^o^ Z^^yZ^o Z = {W^^W^r^W^^fZ 

^ V ' 

p 

V is a categorical generahzation of the Stiefel bundle, the classifying univer- 
sal bundle for the GL(m, C)-principal bundles (see |39j ). 
By definition the G-transition functions of V are such that 

(139) yPeU^nW, ^'<tP{P,eG) = {P,{Zh^Zl)-^Zl^zi) = {P,g^\P)) 
where Zq is the coordinates matrix of P. We have then 

(140) g^^{P) = {Zl^Zl)-^Zi^Zl 

The //-transition functions are such that MVt G Morph(P) 

<^V^(0,eH,eG) = {n,{wiwi,r^wiwl{Zl^ Zlr^Zl^ Zl 

{zi^zi)-^z},^zi) 

(141) = {n,h^\Q,P),g^^{P)) 

where Zq is the coordinates matrix of PkcrQ-L Wq is the coordinates 
matrix of PRanQ- We have then 

(142) h{Q,p) = iyviwiY^w^wlizl^ zlY^zl^ zi 

The relation between the //-transition functions and the G-transition func- 
tions is well satisfied: 

U\Q,P)g^\P) = c^^(ff){Z^Zl^^Z^ Z\^Z}^^Z^ Zl 

p 

= g'\Q){Zl^Zlr'Zi^zi 

(143) = g'i{Q) 



40 NON-ABELIAN HIGHER GAUGE THEORY 

V is trivial in the sense where /i*-''^(P) = ejj since 

^ V ' 

p 

— ^o) ^0 ^0 

(144) = g'\P) 



6.5 The 2-connection associated with the geometric phases 

The object-bundle of V is the Stiefel bundle which can be endowed with 
its natural connection (the universal connection of the GL{m, C)-principal 
bundles, see the Narasimhan-Ramaman theorems |42ll43j ). This connection 
defines the following G-gauge potential: 

(145) A\P) = {Zl^Z},)-^Zi^dZl G ^l\G^{n),Q) 

Moreover we endow the arrow-bundle with a connection defining the follow- 
ing ff-gauge potential: 

(146) V(Q,P) = (Z^^Z^)-iZ^^ [^-^d^2)^) Zl E Q\G^Xnf,n^^) 

with i7 = Q{PQP)~^ and = PQ. Since ^IZq is a matrix representing a 
basis of RanQ, 3g £ G such that W^g"^ = QZq. We have then 

(147) A\Q) = g-WiQ, P)9 + 9~^A\P)g + g~'dg 

The relation between the G-gauge potential and the -ff-gauge potential is 
then well satisfied (up to a G-gauge change). 



6.6 Horizontal lifts and parallel transport 



Let t 1-^ P{t) G Gmi'H) be a solution of the Schrodinger-von Neumann 
equation and t i-> Po{t) G Gmi'H) be an eigenprojector of the Hamil- 
tonian. We suppose that the almost adiabatic condition is satisfied, Vt, 
distFs(-P(0) -Po(O) < f • To simplify, we suppose also that Vi, P{t),Q{t) G 
U\ The generalized time-dependent operator t iH> Q{t) = P{t){PQ{t)P{t)PQ{t))~^ 
constitutes an elementary pseudosurface of A4. The horizontal lift of Q is 
then 

(148) = Te-i'o^'(*')'^*'-^' 

where 

A\t) = {z^,{tyz^,it))-'zm'dtZ^oit) 
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and 

fj\t) = {z^oityzl{t))-'z^,{tyn-Hmt)zi,{t) 

Zg(t) is the coordinates matrix of Po{t). By applying the intermediate rep- 
resentation theorem ([30j) on eqn. ()126[) we have 

m 

^(t) = y\Te-'^-'^'"'(t')dt'j^~j[lA(t')dt'-f^r,(t')dt'] 

^ — ' L 1 ba 

6=1 

m 
b=l 

xn{t)(i)ob{t) 

m 

(149) = V he-'^-'^'''(''^''''g\t)ne{n)g\t)-'] mMt) 

— ' L J 6a 

6=1 

where ^o(0 = ^oi^)9^i't) i^oit) is the matrix representing the eigenvectors 
of H^ff). The geometric phases of an almost adiabatic quantum dynamics 
is then the horizontal lift of the pseudosurface defined by the generalized 
time-dependent wave operator. The formula (jl26p can be then interpreted 
as being the parallel transport of (poai^) along the pseudosurface J7 in the 
associated "vector 2-bundle" : £^ — )■ Al, and modified by the conjugated 
dynamical phase Te"*'' ^E^tt {t')dt' . 

Finally we can note that the use of an usual time-dependent wave operator 
(with Pq = 0) is just a particular case of the present discussion with a 
pinched pseudosurface. 



7 Conclusion 



The categorical bundle structure is extended to the case where the base 
space is not a trivial category but an affine 2-space. The new structure per- 
mits to define horizontal lifts of objects called the pseudosur faces. For an 
impervious pseudosurface, we recover horizontal lifts of usual surfaces (sur- 
faces of the first kind supported by the pseudosurface) previously studied 
by different authors [19l[^|211[221[23l[2l[25l[26l[22]. Nevertheless the 
notion of pseudosurface is more general. The fact that the wave operators 
of the quantum dynamics can be viewed as (not impervious) pseudosurfaces 
augurs futur developpements of new kinds of non-abelian geometric phases 
for quantum systems, particularly for non-hermitian quantum systems where 
the wave operators seem play an important role [13]. Moreover the possi- 
bility to study new physical theories (as the string and brane theory) in the 
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framework of this generalization could be interesting since some attempts to 
develop a categorical theory of quantum gravity have been proposed |44^l45j . 
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